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Abstract
We study the cosmology of the Randall-Sundrum brane-world where
the Einstein-Hilbert action is modified by curvature correction terms:
a four-dimensional scalar curvature from induced gravity on the brane,
and a five-dimensional Gauss-Bonnet curvature term. The combined
effect of these curvature corrections to the action removes the infinite-
density big bang singularity, although the curvature can still diverge
for some parameter values. A radiation brane undergoes accelerated
expansion near the minimal scale factor, for a range of parameters.
This acceleration is driven by the geometric effects, without an infla-
ton field or negative pressures. At late times, conventional cosmology
is recovered.
∗ Invited talk given at Tenth Marcel Grossmann Meeting, Rio de Janeiro,
July 20-26, 2003; lpapa@central.ntua.gr
1 Introduction
The Randall-Sundrum II model [1] provides a simple phenomenology for ex-
ploring brane-world gravity and associated ideas from string theory. Matter
and gauge interactions are localized on the brane, while gravity accesses the
infinite extra dimension, but is localized at low energies due to the warping
(curvature) of the extra dimension. The cosmological generalization of the
Randall-Sundrum model is characterized by an unconventional evolution at
early times, while standard cosmology is recovered at late times [2, 3].
The Randall-Sundrum model is based on the Einstein-Hilbert action in
five dimensions. This gravitational action can be generalized in various ways.
Two important generalizations have been considered recently. The first is
a four-dimensional scalar curvature term in the brane action. This induced
gravity correction arises because the localized matter fields on the brane,
which couple to bulk gravitons, can generate via quantum loops a localized
four-dimensional world-volume kinetic term for gravitons [4, 5]. The sec-
ond is a Gauss-Bonnet correction to the five-dimensional action. This gives
the most general action with second-order field equations in five dimen-
sions [6]. Furthermore, in an effective action approach to string theory, the
Gauss-Bonnet term corresponds to the leading order quantum corrections
to gravity, and its presence guarantees a ghost-free action [7].
Here, we investigate the effects of the combined curvature corrections,
from both induced gravity and Gauss-Bonnet. In some sense, these are
the leading-order corrections to the gravitational action, and there is no
obvious way to argue that one effect is dominant over the other. Indeed, the
corrections operate at different energy levels. Induced gravity introduces
intriguing late-time modifications, which can accelerate the universe even
in the absence of dark energy [8, 9]. If the is a brane tension on the brane
and a cosmological constant in the bulk, there are further modifications
[4, 11, 12, 9] with some interesting astrophysical implications [13]. However,
one expects that string-theory type modifications to the Einstein-Hilbert
action must also operate at early times, and so it is sensible to incorporate
the Gauss-Bonnet correction.
At early times, the Randall-Sundrum model gives an unconventional
cosmology, with the Hubble rate H scaling as ρ, rather than ρ1/2 as in
general relativity. The Gauss-Bonnet correction to this picture changes the
ρ dependence of H to ρ2/3, and therefore an infinite-density big bang is
encountered, as in the Randall-Sundrum case. The combined effect of Gauss-
Bonnet and induced gravity modifications [14] eliminates the infinite-density
solutions, because the scale factor is bounded. However, the initial curvature
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may diverge since there is a range of parameters for which the solutions
start their evolution with infinite acceleration. In the low-energy regime of
these solutions, the standard cosmology is recovered (with positive Newton
constant).
2 Friedmann equation on the brane
The total gravitational action is
Sgrav =
1
2κ25
∫
d5x
√
−(5)g
{
(5)R− 2Λ5 + α
[
(5)R2
− 4 (5)RAB (5)RAB +(5)RABCD (5)RABCD
]}
+
r
2κ25
∫
y=0
d4x
√
−(4)g
[
(4)R− 2Λ4
]
, (1)
where the Gauss-Bonnet coupling α has dimensions (length)2 and is defined
as
α =
1
8g2s
, (2)
with gs the string energy scale, while the induced-gravity crossover length
scale is
r =
κ25
κ24
=
M24
M35
. (3)
Here, the fundamental (M5) and the four-dimensional (M4) Planck masses
are given by
κ25 = 8piG5 =M
−3
5 , κ
2
4 = 8piG4 =M
−2
4 . (4)
The brane tension is given by
λ =
Λ4
κ24
, (5)
and is non-negative.
We assume there are no sources in the bulk other than Λ5. Varying
Eq. (1) with respect to the bulk metric (5)gAB , we obtain the field equations:
(5)GAB − α
2
[
(5)R2 − 4 (5)RCD (5)RCD
2
+ (5)RCDEF
(5)RCDEF
]
(5)gAB
+ 2α
[
(5)R (5)RAB − 2 (5)RAC (5)RBC
− 2 (5)RACBD (5)RCD + (5)RACDE (5)RBCDE
]
= −Λ5 (5)gAB + κ25 (loc)TAB δˆ(y) , (6)
where (4)gAB =
(5)gAB − nAnB is the induced metric on the hypersur-
faces {y = constant}, with nA the normal vector. The localized energy-
momentum tensor of the brane is
(loc)TAB ≡ (4)TAB − λ (4)gAB − r
κ25
(4)GAB , (7)
and we have used the normalized Dirac delta function, δˆ(y) =
√
(4)g/ (5)g δ(y).
The pure Gauss-Bonnet correction is the case r = 0, the pure induced grav-
ity correction is the case α = 0, and the Randall-Sundrum case is r = 0 = α.
For a homogeneous and isotropic brane at fixed coordinate position y = 0
in the bulk, we get a generic cubic equation in H2
4
r2
[
1 +
8
3
α
(
H2 +
k
a2
+
Φ0
2
)]2 (
H2 +
k
a2
− Φ0
)
=
[
H2 +
k
a2
− κ
2
4
3
(ρ+ λ)
]2
, (8)
where Φ0 = Φ(t, 0) and Φ is a solution of the equation Φ + 2αΦ
2 = Λ5/6 +
C/a4 with C is an integration constant, from which the Friedmann equations
of all known braneworld models can be derived.
In the limit r → 0, Eq. (8) becomes
[
1 +
8
3
α
(
H2 +
k
a2
+
Φ0
2
)]2 (
H2 +
k
a2
− Φ0
)
=
κ45
36
(ρ+ λ)2 . (9)
The single real solution of this cubic which is compatible with the α → 0
limit of Eq. (9), is the Friedmann equation with Gauss-Bonnet correction [10]
H2 +
k
a2
=
1
8α
(
−2 + 64I
2
J
+ J
)
, (10)
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where the dimensionless quantities I, J are given by
I =
1
8
(1 + 4αΦ0) = ±1
8
[
1 +
4
3
αΛ5 +
8αC
a4
]1/2
, (11)
J =

κ25√α√
2
(ρ+ λ) +
√
κ45α
2
(ρ+ λ)2 + (8I)3


2/3
. (12)
In the other limit, α→ 0, Eq. (8) yields
4
r2
(
H2 +
k
a2
−Φ0
)
=
[
H2 +
k
a2
− κ
2
4
3
(ρ+ λ)
]2
. (13)
The solution is the Friedmann equation of the induced gravity model [4, 9,
11, 12]
H2 +
k
a2
=
κ24
3
(ρ+ λ) +
2
r2
± 1√
3r
[
4κ24(ρ+ λ)− 2Λ5 +
12
r2
− 12C
a4
]1/2
. (14)
Finally taking both limits we find the Friedmann equation of the Randall-
Sundrum model.
Returning to the general case of both curvature corrections, we need
the real solution of Eq. (8) in the simplest possible form. We define the
dimensionless parameter
β =
256α
9r2
, (15)
and the dimensionless variables
P = 1 + 3βI , (16)
Q = β
[
1
4
+ I +
κ24α
3
(ρ+ λ)
]
, (17)
X = β
[
1
4
+ I + α
(
H2 +
k
a2
)]
. (18)
Then, Eq. (8) takes the form
X3 − PX2 + 2QX −Q2 = 0. (19)
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The single real solution of this equation which is compatible with the
α→ 0 limit of Eq. (8), i.e. with Eq. (14), is
X =
P
3
− 2
3
√
P 2 − 6Q cos
(
Θ± pi
3
)
, (20)
where
Θ(P,Q) =
1
3
arccos
[
2P 3 + 27Q2 − 18PQ
2(P 2 − 6Q)3/2
]
. (21)
This solution corresponds to the positive sign in Eq. (11), while the negative
sign does not provide the correct α→ 0 limit. The ± sign in Eq. (20) is the
same as that in Eq. (14). The region in (P,Q)-space for which Eq. (20) is
defined, is
1 ≤ P < 4
3
, (22)
2[ 9P − 8− (4− 3P )3/2 ] ≤ 27Q
≤ 3P [ 3 −
√
3(3− 2P ) ] . (23)
Finally, we can write the Friedmann equation of the combined Gauss-
Bonnet and induced gravity brane-world as [14]
H2 +
k
a2
=
4− 3β
12βα
− 2
3βα
√
P 2 − 6Q cos
(
Θ± pi
3
)
. (24)
This has a very different structure than its limiting forms, Eqs. (10) and
(14). A closed system of equations for the brane-world follows if we also
consider the continuity equationm,
ρ˙+ 3Hρ(1 +w) = 0 , (25)
where w = p/ρ ≥ −1 and ρ ≥ 0. If w is constant, then ρ = ρ0(a0/a)3(1+w),
and we can choose a0 = 1.
3 Cosmological dynamics
The dimensionless variable P is a function of I and carries the information
of the bulk onto the brane, since by Eq. (11) it depends on the bulk cosmo-
logical constant Λ5 and the mass C of the bulk black hole. The dimensionless
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variable Q includes information about the matter and energy content of the
brane. These are the key variables determining the cosmological dynamics.
The four-dimensional scalar curvature term of the induced gravity and
the Gauss-Bonnet term in the five-dimensional space are all curvature cor-
rections to the Randall-Sundrum model. One could be led to expect that
r2 and α are of the same order. However, this is not necessarily true. The
crossover scale r of the induced gravity appears in loops involving matter
particles, and depending on the mass, it can be arbitrarily large. On the
other hand, the Gauss-Bonnet coupling α arises from integrating out mas-
sive string modes, and depending on the scale of the theory, it can also be
arbitrarily large.
3.1 No infinite-density big bang
An important feature arises from inequalities (22) and (23), which show that
P and hence Q are bounded from above. Furthermore, Eqs. (16) and (22)
show that I is bounded from above (and positive). Therefore, it follows from
Eq. (17) that the energy density ρ cannot become infinite, which means that
an infinite-density singularity a = 0 is never encountered:
a(t) ≥ a0 > 0 , ρ(t) ≤ ρ0 <∞ . (26)
This is true independent of the spatial curvature k, or the equation of state.
This result is remarkable since the Gauss-Bonnet correction, which is
expected to dominate at early times, on its own does not remove the infinite-
density singularity [15, 10, 16], while the induced gravity correction on its
own mostly affects the late-time evolution. However, the combination of
these curvature corrections is effectively “nonlinear”, producing a result that
is not obviously the superposition of their separate effects. In general terms,
the early-universe behaviour is strongly modified by the effective coupling
of the 5D curvature to the matter [15].
In the pure Gauss-Bonnet theory (C ≥ 0), the early-universe evolves
from infinite density at a = 0. The Friedmann equation (10) for C = 0, or
for C > 0, w > 0, is approximated by
H2 +
k
a2
≈
(
κ25
16α
)2/3
ρ2/3 . (27)
For w > 0, or for C = 0 = k, the density term dominates the curvature term,
and
a ≈ const× t1/(1+w) . (28)
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The Gauss-Bonnet correction causes the universe to expand faster rel-
ative to Einstein gravity, for which a ∝ t2/3(1+w), and to the Randall-
Sundrum model, for which a ∝ t1/3(1+w). At the same time, a given energy
density produces a smaller expansion rate in the Gauss-Bonnet case. This
means that there is less Hubble friction for a given potential than in gen-
eral relativity, so that slow-roll is more difficult to achieve. For the same
reason, scalar perturbations generated during slow-roll inflation will have
a smaller amplitude than those generated at the same energy density in
general relativity. This is opposite to the Randall-Sundrum model [17].
3.2 Geometric inflation in a radiation universe
We assume C > 0, i.e. there is a black hole present in the bulk. Defining
the acceleration variable f = a¨/a = H˙ +H2, we obtain from Eqs. (24) and
(25) that
f =
4− 3β
12βα
+
cos(Θ ± pi/3)
3βα
√
P 2 − 6Q×
×
[
c1 + σ(1− 3w) |(P − 1)2 − c2|3(1+w)/4
+ (P 2 − 6Q) Θ˙
H
tan
(
Θ± pi
3
)]
, (29)
where
(P 2 − 6Q) Θ˙
H
=
=
1√
3
√
4Q(9P − 8)− 4P 2(P − 1)− 27Q2 ×
×
{
2 (2P − 9Q)
[
(P − 1)2 − c2
]
− 3σ(1 + w) [ 3Q− 2P (P − 1) ] ×
× |(P − 1)2 − c2|3(1+w)/4
}
, (30)
and
c1 = −2 + β(3 + 4αΛ4)− 3β2(3 + 4αΛ5)/32 , (31)
c2 =
3
32
β2(3 + 4αΛ5) , (32)
σ = βακ24ρ0
(
8
9β2αC
)3(1+w)/4
. (33)
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These equations are formidably complicated, and we do not attempt
an exhaustive analysis. Instead, we show that for a radiation brane in the
presence of a bulk black hole, there is a range of parameters for which there
is inflationary expansion, f > 0, near a0.
For a radiation era, w = 13 ,
f =
4− 3β
12βα
+
cos(Θ ± pi/3)
3βα
√
P 2 − 6Q×
×
[
c1 + (P
2 − 6Q) Θ˙
H
tan
(
Θ± pi
3
)]
, (34)
where
(P 2 − 6Q) Θ˙
H
= 2 |(P − 1)2 − c2|×
× 4σP
2 − 2(2σ − 1)P − 3(2σ + 3)Q√
3
√
4Q(9P − 8)− 4P 2(P − 1)− 27Q2 . (35)
We assume that
Λ5 > − 3
4α
, (36)
and define the additional parameters
P1 = 1 +
√
c2
2
, (37)
Q1 =
1
12
(
c1 + c2 + 2 + 2
√
2c2
)
, (38)
τ = Q1 − 1
3
(P1 − 1)− σ
3
(P1 − 1)2 . (39)
If the universe expands without limit, a → ∞, t → ∞, then Eq. (36) is
always satisfied, and P1, Q1 are the asymptotic values of P,Q. For C > 0,
the variable P plays the role of a time parameter, since P (a) is monotonically
decreasing, with P > P1. Thus, in (P,Q)-space, the cosmological evolution
is determined by the curve
Q(P ) = Q1 +
P − P1
3
+
σ
3
[
(P − 1)2 + (P1 − 1)2
]
. (40)
There is a well-defined cosmological evolution when this curve passes
through the region defined by the inequalities (22) and (23), which in turn
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depends on the values of the parameters P1, Q1 and σ. A discussion analo-
gous to the previous one is also valid for C = 0.
One can verify that for C ≥ 0 there is a region of parameter space for
which f is positive. The solutions with 0 < f0 < ∞ represent models that
avoid a cosmological singularity (in density and curvature), and undergo
accelerated expansion from a0. Furthermore, for C > 0, there are solutions
which have infinite acceleration at a0.
The bulk black hole is crucial to the possibility of infinite acceleration.
For C = 0, one can show that f0 cannot become +∞ for a radiation era.
We also note that all the above results hold independently of the spatial
curvature k of the universe.
The accelerating expansion at and near a0, that is driven by geometric
effects, serves as a “geometric” form of inflation, very different from conven-
tional scalar field inflation. This could be interpreted as an alternative to
inflaton scenarios, based on a quantum-gravity correction. However, there
remain two crucial caveats.
(1) For k ≥ 0, there is no exit from acceleration for the range of accelerating
parameters σ, τ which give infinite f0, in the radiation era. This can be
seen, using Eq. (24), from the fact that the sum of the first two terms in
Eq. (34) is always positive, since P 2 − 6Q is monotonically decreasing, and
the last term in Eq. (34), proportional to Θ˙, is also positive. The range of
σ, τ values gives only a sufficient condition for acceleration, and we have not
been able to characterize the whole parametric space (P1, Q1, σ, β). There-
fore, it is still possible that some parameters exist that lead to an exit from
inflation.
(2) Those solutions with f0 → ∞ have a divergence of the Ricci scalar R
on the brane, even though the density is finite. This is impossible in gen-
eral relativity or the Randall-Sundrum model, since in both cases R = −T ,
where T is the trace of the brane energy momentum tensor. This simple
relation breaks down when there are curvature corrections, and the bulk
curvature, interacting with the brane curvature and matter, plays a decisive
role. Thus, the minimal epoch a0 marks a curvature singularity, and the
brane spacetime geometry breaks down there.
The acceleration-deceleration behaviour of the pure Gauss-Bonnet and
the pure induced gravity models, is very different. For the Gauss-Bonnet
case, we find from Eq. (10) that for C > 0 it is
f = − 1
4α
+
1
16α
(
1− 64I
2
J2
)(
2J +
J˙
H
)
+
16c˜2
αJ
, (41)
9
where
√
J
J˙
H
= − 2σ˜(1 + w) (I
2 − c˜2)3(1+w)/4√[
c˜1 + σ˜(I2 − c˜2)3(1+w)/4
]2
+ (8I)3
×
×
[
J3/2 +
512I
σ˜(1 + w)
(I2 − c˜2)(1−3w)/4
]
, (42)
with c˜1 =
√
ακ25λ/
√
2, c˜2 = (3+4αΛ5)/192, and σ˜ = (
√
ακ25ρ0/
√
2)(8/αC)3(1+w)/4 .
In (I, J)-space, the curve defining the evolution of the Gauss-Bonnet uni-
verse is
J(I) =
{
c˜1 + σ˜ (I
2 − c˜2)3(1+w)/4
+
√[
c˜1 + σ˜(I2 − c˜2)3(1+w)/4
]2
+ (8I)3
}2/3
. (43)
Here, I can play the role of time parameter, with I(a) monotonically de-
creasing for C > 0. In the case C = 0, similar expressions are valid. The
only candidate quantity in Eq. (41) for producing divergence in f is the
term 2J + J˙/H. By carefully examining the various situations, we obtain
the result that in the radiation era of the Gauss-Bonnet universe there is no
infinite acceleration. In the combined theory, because there is no infinite-
density regime, the early universe behaviour cannot be obtained by expand-
ing for large ρ. On the contrary, in the pure Gauss-Bonnet theory, equation
(27) is the large ρ expansion, from which we can see furthermore that there
is no initial acceleration, and for ρ→∞, R→ +∞.
Finally, the induced gravity equation (14) gives in the radiation era:
f(ρ) =
κ24
3
(λ− ρ) + 2
r2
±
√
2√
3 r
(
2κ24λ− Λ5 +
6
r2
)
×
×
{
2κ24
[
λ+
(
1− 3 C
κ24ρ0
)
ρ
]
− Λ5 + 6
r2
}
−1/2
. (44)
We see from Eqs. (14) and (44) that among the solutions of the induced grav-
ity model, there are some which start with initial singularity a = 0, as in the
conventional model with f = −∞. Moreover, there is at least one family
of solutions for the branch with the + sign, characterized by the conditions
2κ24λ − Λ5 + 6/r2 > 0, κ24ρ0 < 3C and k ≤ 0, which start at a finite scale
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factor with infinite acceleration, qualitatively similar to our model. Adopt-
ing the point of view that the characteristics of infinite-density avoidance
and initial infinite acceleration are interesting cosmological features which
are still present in the combined induced gravity plus Gauss-Bonnet model,
we can say that the inclusion of the Gauss-Bonnet term has improved the
situation by eliminating all the infinite-density solutions.
3.3 Late universe
For the parameters that allow a→∞, Eq. (24) is approximated as
H2 +
k
a2
≈ 4− 3β − γ
12βα
+ νκ24ρ , (45)
neglecting terms O(ρ4/3), where the dimensionless parameters γ and ν are
γ = 8
√
P 21 − 6Q1 cos
(
Θ1 ± pi
3
)
, (46)
ν =
2
3
√
P 21 − 6Q1
[
cos
(
Θ1 ± pi
3
)
+ sin
(
Θ1 ± pi
3
)
×
× 3Q1 + 2P1(1− P1)√
3
√
4Q1(9P1 − 8) + 4P 21 (1− P1)− 27Q21
]
, (47)
with Θ1 = Θ(P1, Q1).
First, we observe that the bulk black hole mass C does not appear, which
means that even if it is non-zero, it decouples during the cosmological evo-
lution and does not affect the late universe dynamics. The bulk is felt in
the late universe only through its vacuum energy Λ5.
Second, for the branch with the + sign in Eq. (24), because of the in-
equalities (22), (23), it follows that ν > 0. Thus, although the last term
in Eq. (24) is negative, in the late-time limit it produces both a negative
cosmological constant, −γ, which contributes to the total cosmological con-
stant, and a linear ρ term with positive Newton constant. For the branch
with the − sign, ν may be negative. Third, it is seen from the a→∞ limit
of Eq. (24) that the quantity 4− 3β − γ is always non-negative. Therefore,
the conventional cosmology is recovered with positive effective gravitational
and cosmological constants:
Geff = 3νG4 , Λeff =
4− 3β − γ
4βα
. (48)
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In the Gauss-Bonnet case, the late-universe limit of Eq. (10) is
H2 +
k
a2
≈ Λeff
3
+
8piGeff
3
ρ , (49)
neglecting terms O(ρ4/3), where the effective constants are
Λeff =
3
8α
(
−2 + 64I
2
1
J1
+ J1
)
, (50)
Geff =
G5
2
√
2α
√
J1
[
J21 − (8I1)2
J31 + (8I1)
3
]
. (51)
Here I1, J1 are the asymptotic values for a→∞ of the variables I, J , defined
in terms of the parameters c˜1, c˜2 of the Gauss-Bonnet model by the relations
I1 =
√
c˜2 , J1 = [ c˜1+
√
c˜21 + (64c˜2)
3/2 ]2/3 . The previous remarks concerning
the non-appearance of C in the above equations, as well as the positivity of
the effective Newton and cosmological constants, are still valid.
When the brane tension is zero, the Friedmann equation (45) recovers
the standard general relativity behaviour, since the coefficient ν in Newton’s
constant remains positive and nonzero if we set λ = 0. Therefore, if both
curvature corrections are combined, the conventional cosmology is recovered,
even for a tensionless brane. On the contrary, in the pure Gauss-Bonnet
equation (49), the brane tension is essential, since λ = 0 implies Geff = 0.
This is like the pure Randall-Sundrum case, where positive brane tension is
necessary in order to recover the standard Friedmann equation [2, ?].
The late-time limit of the pure induced gravity Friedmann equation (14)
gives the positive constants
Λeff = κ
2
4λ+
6
r2
±
√
6
r2
√(
2κ24λ− Λ5
)
r2 + 6, (52)
Geff = G4

1±
{
r2
6
(
2κ24λ− Λ5
)
+ 1
}
−1/2

 . (53)
When there is no brane tension, and even no bulk cosmological constant,
general relativity is still recovered [5].
4 Conclusions
We studied the cosmology of a brane-world with curvature corrections to
the Randall-Sundrum gravitational action, i.e. a four-dimensional curvature
12
term of induced gravity and a five-dimensional Gauss-Bonnet term. The
fundamental parameters appearing in the model are: three energy scales,
i.e. the fundamental Planck mass M5, the induced-gravity crossover en-
ergy scale r−1, and the Gauss-Bonnet coupling energy scale α−1/2, and two
vacuum energies, i.e. the bulk cosmological constant Λ5 and the brane ten-
sion λ. These parameters determine the cosmological evolution of the brane
universe.
We derived the Friedmann equation of the combined curvature effects,
Eq. (24), which smoothly matches to the induced gravity equation when the
Gauss-Bonnet term vanishes. This equation has a structure which is quite
different from its two limiting forms. All the solutions of the cosmological
model are of finite density, independently of the spatial curvature of the uni-
verse and the equation of state. This is remarkable, since the Gauss-Bonnet
correction on its own dominates at early times and does not remove the
infinite-density singularity, while the induced gravity correction on its own
mostly affects the late-time evolution. However, the combination of these
curvature corrections produces an “interaction” that is not obviously the
superposition of their separate effects. In general terms, the early-universe
behaviour is strongly modified by the effective coupling of the 5D curvature
to the matter.
The late cosmological evolution of our model follows the standard cos-
mology, even for zero brane tension, with a positive Newton constant for
one of the two branches of the solutions and positive cosmological constant.
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